Abstract: A selective state observer capable of asymptotically tracking any arbitrarily chosen subset of the state vector of linear time-invariant multivariable dynamic systems is introduced. The dynamics of the observer are derived from a model of the subset to be estimated. It is shown that the only condition for the asymptotic tracking of the subset is that the derived model be observable. A simple and systematic observer design method is presented and numerical examples are given to illustrate the properties of the new observer and its design method.
Introduction
It is often the case that only a subset of the state vector is required to be. made available for feedback purposes.
= r-dimensional control input vector = (n x n) real constant matrix = (n x r) real constant matrix = (m x n) real constant matrix = n, subset of x = n2 = (n -n,) subset of x = (ni x nj) real constant matrices; i, j = 1, 2 = (ni x r ) real constant matrices; i = 1, 2 = (m x ni) real constant matrices; i = 1,2 = dxJdt; i = 1,2 = ith subsystem observer gain matrix = ith subsystem controller gain matrix = (n x n) modal transformation matrix In the case where a required subset of the state vector is not directly measurable, consideration may be given to whether it can be estimated by a suitably designed observer and then used for feedback. Available state observer theory [15-201, however, does not allow for the estimation of an arbitrarily chosen subset of the state vector, but rather for the entire state vector, or linear functionals of it, to be estimated.
In addition to the fact that in most cases the entire state vector is not needed for feedback purposes, the order of full-order, reduced-order and linear functional observers is inherently high, especially for systems with high dimensionality. For high-order systems the order of the observer is comparable with the order of the observed systems. This gives rise to practical and technical diffculties when existing observer theory is used to design observers for high-order systems.
In this paper, a new selective state observer is introduced. In addition to being able to track an arbitrarily chosen subset of the state vector, the selective state observer has the advantage of having reduced dynamics, as the order of the selective state observer is equal to the number of the states to be estimated.
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Problem formulation and methodology
Consider a linear time invariant system described by
( 1 4 The problem to be addressed is that of designing an observer to asymptotically track an arbitrary chosen subset, say xi, of the state vector x. In this paper, the approach taken to addressing this problem is in two stages. The first stage involves the derivation of an approximate dynamic model for the subset of the state vector that needs to be estimated. In this regard a number of approaches, such as those reported by Mar , which is based on the identification of the set of eigenvalues that are most associated with the states to be estimated, will be used. This method is outlined in Section 3.
The second stage involves the development of a selective state observer design method that leads to the design of a stable observer capable of asymptotically estimating any arbitrarily chosen subset of the state vector. This development is based on the application of the Luenberger observer theory to the model obtained in stage one. The main results of this development are presented in t Section 4, and numerical examples, which serve to illustrate both the properties and the design method of the proposed observer are given. 
results in system 1 being transformed into the following diagonal form:
To derive a dynamic model for subsystem 1, the following procedure, reported by Aldeen [E], is used:
Calculate the array R from the following relationship: Choose the first n1 eigenvalues that make the largest contribution to the subset x , .
Upon the identification of the set of eigenvalues most associated with the subset of the state vector to be estimated, eqn. 4 is partitioned into two parts as follows:
where A, = diag (Al, A 2 , . . . , An,) contains the eigenvalues most associated with x,, and A, = diag (A,,, ,, Am! + 2 , . . ., A,) contains the other eigenvalues. From eqn. 6a, the following relationship is obtained:
(66) As this equation represents the dynamics of the other part of the original system, which are not strongly associated with the states x , , the solution to it may be approx-
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Now, eqn. 3 may be rewritten as From eqn. 7 the following relationship is obtained:
Using eqn. 6c in eqn. 8 yields
where where Eqn. 10a represents an approximate n,th order model of the state x 1 of subsystem 1. Eqn. 10b represents an approximate model of the system output y in terms of the states xI and U. If the output measurement contains enough information about x l r i.e. if the pair (C:, A:) is observable, then a selective state observer can be designed to asymptotically track x , . 4 
Main results
The main results of this paper are stated in Theorems 1-3 below.
Theorem I : Let SI be a linear system described by
Let S2 be a model representing an arbitrarily chosen part If S, is driven by SI, then as
Proof: Let us propose the following n,th order observer for the subsystem described by eqn. 10:
Define the error between the observed states PI and the actual states x 1 as 5,(t) = X I @ ) -a,@) (12) Adding and subtracting the term (Al2 -K1C2)Bx1(t) to eqn. 2a gives
Subtracting eqn. 11 from eqn. 13 gives the following error equation:
but by eqn. 
Remark I :
To be able to choose K , to give a stable (A: -K,C:), the pair (C?, A:) must be observable. This pair is observable if and only if the model given by eqns. loa-c is observable. As this model is based on the retention of those eigenvalues that are most controllable and observable, and are most associated with the subset x , , Condition 1 of Theorem 1 is always satisfied.
Remark 2; By Theorem 1 and Condition 1, it follows that the dynamics of the selective state observer S , can be arbitrary assigned.
Remark 3: Eqn. 9a approximates the term [x2(t) -Bxl(t) -yu(t)] to zero. This approximation is generally valid
for all t > 0, except for the period immediately following a change in the state of the system. During this period, a discrepancy between the actual and approximate solutions will be experienced. The degree of this discrepancy is dependent on the relative measure of dominance of the retained eigenvalues in the approximate model (eqn. 10). However, in all cases this discrepancy will decay to zero in the steady state. Thus the effect of approximation 9a on the performance of the proposed observer will be a slightly increased convergence time.
Open -loop performance
The performance of the selective state observer is stated in the following theorem.
Theorem 2:
Let SI, S2 and S, be as in Theorem 1, and let S, drive S , . Then, the eigenvalues of the combined system/observer are the eigenvalues of the system SI and of the observer S,.
Proof: Augmenting the system eqns. 1 and the selective state observer eqn. 11 results in the following augmented 
This shows that the eigenvalues of the combined system/ observer are the eigenvalues of the system itself, and of the selective state observer.
Remark 4 :
By theorem 2, the structure and property of the observed system SI is not changed by the observer s, .
Closed-loop properties
The properties of the selective state observer-based closed-loop feedback control system are stated in the following theorem :
Theorem 3: Let SI, S , and S , be as in Theorem 1, and let S , drive S , . Suppose that a stabilising feedback controller of the form u(t) = F,x,(t) is to be used for the system S,. If S , is used to supply an estimate of x 1 to the controller, and if F is defined as F = [FIO], then the closedloop poles of the overall observer-based control system will lie in the vicinity of the eigenvalues of ( A + EF) and (A: -KIC:).
Proof; Let us propose the following controller for system
1:
Application of this controller to the original system 1, results in the following: (19) To simplify the analysis, let the following change of coordinates be introduced :
Applying this coordinate transformation to the state eqn. 20, and using eqn. 15, leads to the following combined state equation:
From eqn. 22, the eigenvalues of the closed-loop system are determined from the following relationship:
From eqn. 23, it is easily concluded that the closed-loop pdks of the system described by eqn. 22 are those of the feedback control matrix ( A + BF) and of the observer feedback matrix (A: -K,CT). Due to the approximation 9a, the closed-loop poles will experience some displacement about their nominal locations.
Remark 5 : From Theorem 3, it follows that if a feedback controller based on the states x1 only is designed to stabilise system 1, then the introduction of the selective state observer 11 into the feedback loop will, in general, not upset this stability. However, some disbursement of the closed-loop eigenvalues will be experienced. The degree of this disbursement is dependent on how dominant the feedback states, i.e. xl, are. Obviously, the more dominant they are the less the disbursement is likely to be.
Numerical example
In this section a numerical example is presented to illustrate the advantages and potentials of the proposed selective state observer. The example is carefully chosen to present a dynamic system, all of whose states are dominated by one pair of complex-conjugate poles. Two subsets of the state vector, neither strongly associated with the dominant poles, will be chosen and selective state observers will be designed to asymptotically track these subsets. Obviously this is an zxtreme case, as in feedback control the usual practice is to use the most dominant states for feedback purposes, but this deliberate choice of system serves to illustrate the full potential of the proposed observer.
It will be shown that, despite the fact that the design of the selective state observer is based on incomplete information about the dynamics of the original system, it will always lead to the asymptotic estimation of the chosen subset, regardless of how strongly the dominant eigenvalues are associated with it, and regardless of the initial conditions of the system and observer. Now consider the following fourth-order two-inputtwo-output linear time-invariant system:
Let us use the following modal transformation: From this, it is clear that the complex-conjugate pair of eigenvalues AI, = -0.2 + j2 is the most dominant in the system dynamics. The combined contribution of these eigenvalues in x(1) is 48.4%, and in 4 2 ) is 73.7%, and the combined contributions of 1, and 1 , in x(l) and x(2) are 51.6% and 26.3%, respectively. This implies that any model for xI = [x(l) x(2)IT has to retain the dominant eigenvalues A,,, = -0.2 j2. However, because of their rather modest contribution in xl, a degree of inaccuracy in representing xl will result. The same analysis applies to the states x2 = Cx(3) x(4)IT. Here, the combined contributions of the dominant eigenvalues in x(3) and x(4) are 66.56% and 73.7%, respectively. Although this contribution is slightly higher than that for xl, a degree of inaccuracy in representing x2 will still be experienced.
In the following, two cases will be studied. The first uses subset x1 for feedback control, and the second uses subset x2. In both cases the states will be provided to the controllers by respective selective state observers designed according to eqn. 11.
Case 1
In the following a model will be derived for x1 using the procedure described in Section 3. The derived model will then be used to design a selective state observer of the structure described by eqn. 11. This observer will be used to reconstruct the states xI and provide them to an appropriately designed state feedback controller. It will be shown that, despite the inaccuracy in modelling xl, the selective state observer will always track the states x1 regardless of the initial conditions of the observer, and that the performance of the selective state observer-based closed-loop control system will follow closely that when the controller is directly supplied by the actual states xi.
Modelling the dynamics of x1
Using the modal transformation of eqn. 25 and eqns. 
Observer design
'Based on the model of eqns. 27, the following selective state observer gain matrix K, has been found to assign This controller was then upplied to the original system and found to be satisfactory. The closed-loop eigenvalues of the original system under this controller are: 1,. = -0.639 f j1.574 and 1 , = -8.633,1, = -1.449 .
Simulation results
The selective state observer described by eqns. 29 was simulated on the original system of eqns. 1, using the simulation eqns. 17. The initial conditions for the system and the observer were taken to be x(0) = 0; .?l(O) = 0.6, To present a comparison between the performance of the selective state observer and that of the full-order Luenberger state observer, the same simulation study as above was carried out under the same conditions but with the Luenberger observer replacing the selective state observer. In this regard, the Luenberger state observer was assigned the following eigenvalues 1,. = -2 k j2, %, = -6, and %, + = -7. Note that the dominant eigenvalues, i.e. %,, = -2 i j2, are the same as those for the selective state observer. The simulation results are shown in Fig. 2. It is clear from Fig. 2 that the selective state observer asymptotically tracks the states xl, regardless of its initial condition. As stated in Remark 3, the selective state observer convergence time is dependent on the accuracy of approximation 6c. Table 1 shows that the contribution of the dominant eigenvalues in the states of subsystem 1, i.e. in x(1) and x(2), is, respectively, 48.4% and 73.7% . These measures, especially 48.4%, are obviously not significant, and therefore the accuracy of the derived model is not high, as outlined above. Thus a discrepancy between the actual and approximated performances of the states x1 is expected, especially for the period following the initiation of a change in the system. However, as outlined above, regardless of these contributions the discrepancy will decay to zero in the steady state.
22(0)
Next, the performance of the selective state observerbased control system, comprising the system of eqns. 1, the observer of eqn. 29 and the controller of eqn. 30, was simulated for the same case as described above, using the simulation eqn. 20. Then the selective state observer was replaced by the full-order Luenberger observer designed above, and the same simulation study carried out.
The simulation results are shown in Fig. 3 , from which it is easy to conclude that the selective state observer 29 r 12 16 20 a estimate the states x 2 . A feedback controller based on estimates of x2 will be designed. It will be shown that, if the designed controller stabilises the original system, and if the states x2 are replaced by their estimates, as generated by the selective state observer, then the performance of the observer-based closed-loop control system will follow that when the controller is directly supplied by actual states.
Modelling the dynamics of x2
Let us use the following modal transformation: 
Case2
In the following a model will be derived for x 2 , which will then be used to design a selective state observer to
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Observer design Based on the model of eqns. 33, the following selective state observer gain matrix K 2 has been designed to assign the eigenvalues -3 k j 3 to the observer matrix 
This controller was then applied to the original system 1, and found to be satisfactory. The closed-loop eigenvalues
measures, although not very high, are sufficiently high for the derived model to reasonably reflect the dynamics of x, , as illustrated in Fig. 4 . This improved representation of x2 resulted in a smaller discrepancy between the actual 
Simulation results
The selective state observer described by eqns. 35 was simulated on the original system of eqns. 1, using the simulation eqn. 17. The initial conditions for the system and the observer were taken to be x(0) = 0; i3(0) = -0.5 and i4(0) = 1. Also, a full-order Luenberger state observer was designed for the same system, with the following eigenvalues: A l . , = -3 +j3, L3 = -8 and I , = -9. This observer was then simulated under the same conditions as for the selective state observer. The simulation results for both observers are shown in Figs. 
5.
It is clear friom Fig. 5 and approximated performances of the states x 2 for the period following the application of the disturbance.
Next, the performance of the system of eqns. 1, incorporating the selective state observer described by eqn. 35 and the controller described by eqn. 36, was simulated for the same case described above, using the simulation eqn. 20. The same simulation was repeated with the full-order Luenberger state observer replacing the selective state observer.
The simulation results are shown in Fig. 6 . The Figure  demonstrates once again that the designed selective state observer is able to asymptotically track the corresponding states and provide them to the controller 36 for the generation of the control signals U.
Conclusion
In this paper, a new selective state observer for the estimation of arbitrarily chosen subsets of the state vector of linear multivariable time-invariant dynamic systems has been introduced. The dynamics of the observer are derived from a model of the states to be estimated. A method is proposed for deriving such a model. It is shown that arbitrarily chosen dynamics can be assigned to the observer, and it is demonstrated that, although the transient performance of the selective state observer is -dependent on the accuracy of the derived model, the observer will always track the corresponding states of the driving system. In most cases, reduced-order controllers, such as output, decentralised and reduced dynamic need only be provided with information about the dominant states of the system to be controlled for the generation of the control signal. In such cases, the performance of the observer proposed in this paper will follow closely that of the full-order Luenberger observer, because it is generally possible to derive an accurate reduced-order representation of a system where its dominant states are to be retained. This is illustrated in Case 2, where better observer performance was obtained because the contribution measures of the dominant eigenvalues in the retained states are now 66.56% and 73.7%, as opposed to 48.4% and 73.7% for the x, case. This improvement in the contribution measure is responsible for the improvement in the accuracy of the derived model. Obviously, the higher the contribution measures the more accurate the model will be. This improvement will then flow to the performance of the proposed selective state observer. When the derived model is 100% accurate, the selective state observer reduces to the full-order Luenberger state observer.
